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Abstract

The paper considers broadcasting in radio networks, modeled as unit disk graphs
(UDG). Network stations are modeled as points in the Euclidean plane, where a station
is connected to all stations at distance at most 1 from it. A message transmitted by a
station reaches all its neighbors, but a station hears a message (receives the message
correctly) only if exactly one of its neighbors transmits at a given time step. One
station of the network, called the source, has a message which has to be disseminated
to all other stations. Stations are unaware of the network topology. Two broadcasting
models are considered. In the conditional wake up model, the stations other than the
source are initially idle and cannot transmit until they receive a message for the first
time. In the spontaneous wake up model, all stations are awake (and may transmit
messages) from the beginning.

It turns out that broadcasting time depends on two parameters of the UDG, namely,
its diameter D and its granularity g, which is the inverse of the minimum distance
between any two stations. We present a deterministic broadcasting algorithm which
works in time O(Dg) under the conditional wake up model. For the spontaneous wake
up model, we design two deterministic broadcasting algorithms: the first works in time
O(D + g2) and the second in time O(D log g). We prove that a combination of these
two algorithms accomplishes broadcasting in time O

(
min

{
D + g2, D log g

})
.
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1 Introduction

The model and the problem: A radio network consists of stations, each of which can

act in a given time step either as a transmitter or as a receiver. The network is modeled

as a unit disk graph (UDG) whose nodes are the stations. These nodes are represented as

points in the Euclidean plane. Two nodes are joined by an edge if their distance is at most

1. Such nodes are called neighbors. It is assumed that transmitters of stations have power

which enables them to transmit at distance 1. Hence the existence of an edge between two

nodes indicates that transmissions of one of them can reach the other, i.e., these nodes can

communicate directly. We will refer to radio networks modeled by unit disk graphs as UDG

radio networks.

In a radio network, a node acting as a transmitter in a given time step sends a message

which is delivered to all of its neighbors in the same time step. An important distinction at

the receiving end is between a message being just delivered and being heard, i.e., received

successfully by a node. A node acting as a receiver in a given step hears a message if and

only if a message from exactly one of its neighbors is delivered in this step. The message

heard in this case is the one that was delivered from the unique neighbor. If messages from

at least two neighbors v and v′ of u are delivered simultaneously in a given step, none of the

messages is heard by u in this step. In this case we say that a collision occurred at u. It

is assumed that the effect at node u of a collision is the same as that of no message being

delivered in this step, i.e., a node cannot distinguish a collision from silence.

We assume that each node of the network knows only its own coordinates in the Euclidean

plane and a parameter d representing the minimum distance between two stations. This

latter parameter is fairly natural and characterizes the physical nature of the set of stations

the network consists of. For example, if stations are sensors of the form of disks of radius r

and the coordinates of a station are coordinates of the center of the sensor, then it is natural

to take d to be about 2r to minimize overlapping. In fact, our results remain unchanged

if nodes know only a linear lower bound on d. Nodes are unaware of the topology of the

network and have no knowledge of other parameters of the network, such as the diameter

or the size. They are not even aware of their immediate neighborhood. Such networks are

often called ad hoc networks.

We consider broadcasting, which is the following basic communication task. In the begin-

ning, one distinguished node, called the source, has a message which has to be transmitted

to all other nodes. Remote nodes get the source message via intermediate nodes, along paths

in the network. We distinguish between two broadcasting models. In the conditional wake
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up model, the stations other than the source are initially idle and cannot transmit until they

receive the source message for the first time (and subsequently wake up). In the spontaneous

wake up model, all stations are assumed to be awake when the source transmits for the first

time, and may contribute to the broadcasting process by transmitting control messages even

before they received the source message. All nodes have individual clocks that tick at the

same rate, measuring time steps, referred to as rounds. In the conditional wake up model,

the clock of a node starts in the round when the node first receives the source message. In

the spontaneous wake up model, the clocks of all nodes start simultaneously, in the round

when the source transmits for the first time.

The task of broadcasting in the conditional wake up model can be interpreted as activat-

ing the network from a single source, and is related to the task of waking up the network.

In this latter task, some nodes spontaneously wake up and have to wake up other nodes by

sending messages. Thus broadcasting in the conditional wake up model, i.e., activating the

network from a single source, is equivalent to waking up the network when exactly one node

(the source) wakes up spontaneously. The broadcasting models with spontaneous wake up

and conditional wake up have also been called broadcasting with and without spontaneous

transmissions, respectively [23, 24].

We consider only deterministic broadcasting algorithms and do not assume any central

authority monitoring the broadcasting process. Thus the decision made by a node whether

to transmit or to receive in a given round, and what message to transmit, if any (some

control messages can be transmitted on their own or be appended to the source message) is

based solely on the coordinates of the node and on the messages received by it so far. The

execution time of a broadcasting algorithm in a given radio network is the number of rounds

it takes since the first transmission until all nodes of the network hear the source message.

Our results: The focus of this paper is on the design of fast broadcasting algorithms

working in arbitrary UDG radio networks with unknown topology, and the analysis of the

execution time of such algorithms. It turns out that the execution time of broadcasting

algorithms depends on two parameters of the network. One of them is the diameter of the

network, denoted by D: this is the maximum length (in hops) of a shortest path in the

graph between any two nodes of the network. (The diameter of a UDG network should not

be confused with the diameter of the set of points representing its nodes, i.e., the largest

Euclidean distance between any two such points: the latter can be much smaller than D.)

The other parameter is the granularity of the network, denoted by g. This is the inverse of

the minimum Euclidean distance d between any two nodes of the network. Hence networks

2



of large granularity are those that have some nodes close to each other. Our upper bounds

on the optimal broadcasting time are increasing functions of D and g. It should be noted

that, since nodes know (a linear lower bound on) d, they know (a linear upper bound on) g.

However, we do not assume any knowledge of D.

For the conditional wake up model, we show an algorithm that completes broadcast in

time O(Dg) in any UDG radio network of diameter D and granularity g. An Ω(D
√

g) lower

bound is presented in the companion paper [15]. For the spontaneous wake up model, we

show two broadcasting algorithms, one working in time O(D + g2) and the other in time

O(D log g). These algorithms are based on completely different ideas and, depending on

parameter values, one or the other may be more efficient. The combined algorithm obtained

by interleaving these two algorithms completes broadcast in time O (min {D + g2, D log g}).
A matching lower bound of Ω (min {D + g2, D log g}) is presented in [15].

Related work: In most of the papers concerning algorithmic aspects of radio communi-

cation, the radio network was modeled as an arbitrary (directed or undirected) graph. This

literature can be divided into two subareas, one dealing with centralized communication,

in which it is assumed that nodes have complete knowledge of the network topology, and

hence can simulate a central transmission scheduler (cf. [1, 4, 5, 14, 17, 19, 25]), and the

other assuming only limited (usually local) knowledge of topology and studying distributed

communication in such networks. The current paper belongs to the latter subarea.

The first paper to study deterministic centralized broadcasting in radio networks, assum-

ing complete knowledge of the network, was [4]. The authors also formulated the model of

radio network subsequently used by many researchers. In [5], a O(D log2 n)-time broadcast-

ing algorithm was given for all n-node networks of diameter D. In [17], O(D + log5 n)-time

broadcasting was proposed. This was improved to O(D+log4 n) in [14], then to O(D+log3 n)

in [19], and very recently to O(D + log2 n) in [25]. The latter complexity is optimal. On the

other hand, in [1] the authors proved the existence of a family of n-node networks of radius

2, for which any broadcast requires time Ω(log2 n).

The study of deterministic distributed broadcasting in radio networks whose nodes have

only limited knowledge of the topology was initiated in [2]. The authors assumed that nodes

know only their own label and labels of their neighbors. Many authors [3, 6, 7, 10, 11]

studied deterministic distributed broadcasting in radio networks under the assumption that

nodes know only their own label (but not labels of their neighbors), and that the topology

of the network is unknown. Such networks are often called ad hoc. In [6] the authors gave a

broadcasting algorithm working in time O(n) for arbitrary n-node networks, assuming that
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nodes can transmit spontaneously, before getting the source message. For this model, a

matching lower bound Ω(n) on deterministic broadcasting time was proved in [23] even for

the class of networks of constant radius. On the other hand, in [3] a lower bound Ω(D log n)

was proved for n-node networks of diameter D, if spontaneous transmissions are not allowed.

In [6, 7, 10, 12] the model of directed graphs was used. The aim of these papers was to

construct broadcasting algorithms working as fast as possible in arbitrary (directed) radio

networks without knowing their topology. The currently fastest deterministic broadcasting

algorithm for such networks is the O(n log2 D)-time algorithm from [12]. On the other

hand, in [11] a lower bound Ω(n log D) on broadcasting time was proved for directed n-node

networks of diameter D.

The first papers to study randomized broadcasting algorithms in radio networks were

[2, 27]. The authors do not assume that nodes know the topology of the network or that

they have distinct labels. In [2] the authors showed a randomized broadcasting algorithm

running in expected time O(D log n + log2 n). In [27] it was shown that for any randomized

broadcasting algorithm and parameters D ≤ n, there exists an n-node network of diameter

D requiring expected time Ω(D log(n/D)) to execute this algorithm. It should be noted

that the lower bound Ω(log2 n) from [1], for some networks of radius 2, holds for randomized

algorithms as well. A randomized algorithm working in expected time O(D log(n/D) +

log2 n), and thus matching the above lower bounds, was presented in [24] (cf. also [12]).

The wakeup problem in radio networks was first studied in [18] for single-hop networks

(modeled by complete graphs), and then in [9, 8] for arbitrary networks. In [20] the authors

studied randomized wakeup algorithms for radio networks. In all these papers it was assumed

that a subset of all nodes wake up spontaneously (possibly at different times) and have to

wake up other (dormant) nodes.

Another model of radio networks is based on geometric positions in the plane of the

points representing stations. The underlying graph is no more arbitrary. It may be a unit

disk graph, or its generalization, where radii of disks representing reachability areas may differ

from node to node [13], or reachability areas may be of shapes different than a disk [16, 26].

Broadcasting in such geometric radio networks and some of their variations was considered,

e.g., in [13, 16, 26, 30, 31]. In [31] the authors proved that scheduling optimal broadcasting is

NP-hard even when restricted to such graphs, and gave an O(n log n) algorithm to schedule

an optimal broadcast when nodes are situated on a line. In [30] broadcasting was considered

in networks with nodes randomly placed on a line. In [26] the authors discussed fault-

tolerant broadcasting in radio networks arising from regular locations of nodes on the line

and in the plane, with reachability regions being squares and hexagons, rather than circles. In
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[16] broadcasting with restricted knowledge was considered but the authors studied only the

special case of nodes situated on the line. The first paper to study deterministic broadcasting

in arbitrary geometric radio networks with restricted knowledge of topology was [13]. The

authors studied several models, also assuming a positive knowledge radius, i.e., the knowledge

available to a node, concerning other nodes inside some disk. In the case of knowledge

radius 0, corresponding to our present scenario, they showed a broadcasting algorithm for

the spontaneous wake up model working in time linear in the number of nodes, assuming

that nodes are labeled by consecutive integers. It should be noted that in our case the total

number of nodes in a network of diameter D and granularity g may be as large as O(D2g2),

hence the algorithm from [13] is much slower than ours.

Modeling ad hoc radio networks by unit disk graphs and their generalizations has recently

attracted growing attention. In [28] this model was used for studying distributed solutions

of the maximum independent set problem, in [29] of the coloring problem, and in [21] the

convergecast problem was studied in geometric radio networks with varying reachability

radii.

2 Broadcasting in the conditional wake up model

In this section we address the problem of broadcasting in UDG radio networks assuming

that stations may transmit only after receiving the source message for the first time. A

broadcasting algorithm for UDG radio networks that works in time O(Dg) is presented.

Our algorithm relies on the procedure Echo proposed in [22], and new notions of a grid of

boxes, a border and an effective border, to be defined later in this section. We begin in

Section 2.1 by presenting an O(Dg log g)-time broadcasting algorithm. The structure of this

algorithm is geared towards facilitating our improved O(Dg)-time algorithm, presented in

Section 2.2.

Recall that every network node has unique (x, y) coordinates and it is aware of this fact

at any time of the communication process. We say that a node becomes informed on the

first receipt of the broadcast message. Otherwise, the node stays uninformed. Initially, only

the source node s is informed.

2.1 O(Dg log g) broadcasting algorithm

Our solution uses extensively the notion of a grid of boxes. The entire 2-dimensional space

can be partitioned into square boxes, each of size c × c. The left and bottom edges of each
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box are assumed to be closed (i.e., points on these edges belong to the box), while the top

and right edges are open. The boxes form an infinite grid Gc, where each box is identified

by the location ((x, y) coordinates) of its bottom left corner and 1/c is called the precision

of the grid. In general, for any two integers i and j, the corners of the box B[i · c, j · c] are

located in points (ic, jc), (ic, (j + 1)c), ((i + 1)c, (j + 1)c) and ((i + 1)c, jc).

Fix γ = 1/
√

2. The grid Gγ, referred to later as the pivotal grid, plays a central role in

our broadcasting algorithm. Note that 1
c

=
√

2 is the worst possible precision of any grid

Gc with the property that all nodes occupying the same box can communicate directly with

each other. Each box on the pivotal grid has a transmission range, which is defined as a

maximal area around the box that can be reached by transmissions coming from inside the

box. In other words, the range is a set of points located at distance at most 1 from the box,

see Figure 1(b).
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Figure 1: (a) the pivotal grid, and (b) the transmission range

We say that a box in the pivotal grid has a leader if all nodes in the box are informed

and they are aware of the choice of some distinguished node as the leader. Further, any box

in the pivotal grid is allowed to become active according to a transmission pattern to be

defined shortly. Each box becomes active only once, and this happens on the first occasion

when the following two conditions are satisfied:

(1) the box is allowed to become active according to the transmission pattern, and

(2) the box has a leader.

6



The main purpose of the activation process is to inform all nodes that reside within the

range of the box and to select leaders in boxes occupied by the newly informed nodes.

The transmission pattern used in our broadcasting procedure is defined as a periodic

sequence of stages. During each stage, only a certain collection of boxes is allowed to become

active, to avoid collisions that may be caused by transmissions occurring in different active

boxes and their ranges. The transmission pattern is based on distant active boxes, see

Figure 2(a), and its period is 36, i.e., each box has a chance to become active during every

36th stage. More precisely, the box B[i · γ, j · γ] is allowed (depending on whether the leader

is already selected) to become active in stage k iff (i = k) mod 6 and (j = bk/6c) mod 6. It

is evident that the proposed transmission pattern (based on distant boxes whose ranges are

at distance more than 1 apart, see Figure 2(a)) prevents the possibility of collisions between

transmissions coming from different active boxes.
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Figure 2: (a) Active boxes and their ranges, and (b) node A dominates node B w.r.t. the top

range

Each stage is divided into four phases. During each phase, the nodes of the active box

attempt to communicate (pass on the broadcast message and help to find a leader) with

the nodes from one of the four parts of its range, referred to as its top, right, bottom and

left range, see Figure 1(b). Each part of the range overlaps with six boxes of the grid. The

overlapping parts form six different shapes S1, .., S6, see Figure 1(b). We focus in this section

on the communication performed between the nodes in the active box and its top range. The

communication with nodes from the right, bottom and left ranges is analogous.
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We need the following definition. For any two nodes A and B in the active box, we say

that A dominates B with respect to the top range if any node in the top range reachable

from B is also reachable from A. We have the following lemma.

Lemma 2.1. Let A = (xA, yA) and B = (xB, yB) be two nodes in the active box and define

x = |xA − xB| and y = yA − yB. If y > 4x, then A dominates B.

Proof: Assume that C = (xC , yC) is a node belonging to the top range of the active box

and let X = |xA − xC | and Y = yC − yA, see Figure 2(b). Suppose, towards contradiction,

that x/y < 1/4 (as in the premise of the lemma), yet C is reachable from B but not from

A, i.e.,

X2 + Y 2 > 1 > (X − x)2 + (Y + y)2 . (1)

We argue that since C is outside of the transmissions range of A, necessarily X < 4Y . To

see this, note that the ratio Y/X is minimized when A is positioned in the top-left corner of

the active box, C is positioned in the right border of the top range and the distance between

A and C is exactly 1. One can show that in this border case Y
X

=
√

3−1√
3+1

> 1
4
.

Note that Inequality (1) implies that 2Xx− 2Y y > x2 + y2. Since the right hand side of

the inequality is nonnegative, we also conclude that 2Xx > 2Y y, which implies that x
y

> Y
X

.

Contradiction now follows by the lemma’s premise and by the fact that Y/X > 1/4 as argued

above.

Let c be a divisor of γ and consider the infinite grid Gc and its intersection with an active

box on the pivotal grid Gγ. The boxes of Gc located in the active box form entries of (or

cells) a matrix Mc with precision 1/c. The matrix Mc has γ/c rows and columns with indices

starting at the top-left corner of Mc.

Observation Let A be a node that occupies the cell Mc[i, j], for some 1 < i, j < γ/c. One

of the main consequences of Lemma 2.1 is that A dominates all nodes belonging to matrix

cells Mc[i + 5, j], Mc[i + 6, j], . . . ,Mc[γ/c, j] in the same column j.

We use this observation later in the main algorithm. Note also, that if we enhance matrix

precision so that 1/c ≥ 5g, then the top node in each column of Mc dominates all other

nodes in the same column. This follows from the fact that the minimum distance between

any two nodes in the network is 1/g and from Lemma 2.1. Let ξ = min
{
k | 2k ≥ 5γg

}
and

let η = γ/2ξ. We say that the set of top elements in each column of Mη forms the top border

Btop of the active box. Since all nodes in the active box are dominated by the border nodes,

we conclude that it suffices to use only the border nodes while performing communication

with the nodes in the top range.

Before we present a pseudocode of our broadcasting algorithm we recall that it runs in
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36 periodic stages, where a box B[i · γ, j · γ] has a chance to become active in stage k iff

(i = k) mod 6 and (j = bk
6
c) mod 6. Recall also that each stage is split into four rounds.

In what follows we focus on transmissions performed by nodes of some active box during a

single stage, and in particular on the time complexity f(g) related to communication with

the nodes in the top range of the box. Since the communication mechanism with other

parts of the range is analogous the total time complexity of a stage is bounded by 4 · f(g).

Now since every box has a chance to become active in every 36th stage, the maximum time

between a distinguished node within some box is established and the activation of the box

is bounded by 36 · 4 · f(g) = O(f(g)). We show that f(g) = O(g log g).

Our broadcasting algorithm makes an extensive use of Procedure Echo(R, v) [22]. The

arguments for this procedure are a region R in the plane and a point v /∈ R occupied with a

network node (to which we also refer as v). The role of the procedure is to find out whether

or not there exists a node in R. This is done as follows. Every node in R transmits its

location and v transmits a control message simultaneously. Let u 6= v be any node in the

transmitting range of all points in R ∪ {v}. The node u now knows whether there exists an

occupied point in R as such a point exists if and only if u did not receive the control message

(or if u is positioned in R).

Let λ be the leader in the active box. Our broadcasting algorithm is based on two

procedures. The first procedure, named Procedure TopMost(Mη), computes the top border

Btop, namely, the top cell occupied by some network nodes for each column Cj of Mη. The top

occupied cells are found via direct applications of Procedure Echo(R, λ), where the (region)

parameter R corresponds to consecutive cells in Mη and the area of R decreases exponentially

from one application to the next (in a binary search fashion). In each column of the matrix,

the top occupied cell can be found within a logarithmic (in the number of cells in a column)

number of applications of Procedure Echo. Since there are O(g) columns as well as O(g) cells

in each column of Mη, the total time complexity of a single call to Procedure TopMost(Mη)

is O(g log g).

When the top border Btop is found, the second procedure, named Procedure Select(Btop, Si),

selects a leader (if possible) in the shape Si, for i = 1, . . . , 6, forming a part of the top range

of the active box (see Figure 1(b)). For each node v ∈ Btop \ {λ}, the selection procedure

tries to transmit the broadcast message from v to Si. All newly informed nodes in Si send

confirmation messages and λ sends a control message simultaneously. If v does not receive

the control message from λ, then at least one Si node received the transmission of v. In that

case, a leader in Si is selected via applications of Echo(R, v), where R ⊆ Si and the area of

R decreases exponentially from one application to the next (in a binary search fashion) until
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R can no longer occupy more than a single node (due to the granularity of the network).

The procedure then halts. To handle the possibility that λ is the only node in the active

box with a neighbor in Si, if all nodes v ∈ Btop \ {λ} fail to communicate with Si, then

λ tries to select a leader in Si (once again, via applications of Procedure Echo in a binary

search fashion). To analyze the running time of Procedure Select, note that the area of

Si is smaller than 1/4 and that the last application of Procedure Echo can be applied to a

region of size Ω(1/g2) (such a region can not occupy more than one node), thus O(log g)

applications of Procedure Echo suffices. As |Btop| = O(g), it follows that the running time

of the selection procedure is O(g + log g) = O(g).

A similar process is performed to select a leader (and pass the source message) in the

right, bottom and left range. The next theorem follows.

Theorem 2.2. The algorithm presented above performs radio broadcasting in unknown radio

networks of granularity g and diameter D in time O(Dg log g).

Proof: Recall that the algorithm works in stages and every box has a chance to become

active in every 36th stage. Thus the maximum time between selection of the leader in the

box and the box activation is bounded by 36 times the length of each stage. The time

complexity of each stage is dominated by executions of the border computation procedure,

which is executed four times (once for each part of the range). As a single execution of this

procedure requires time O(g log g), the total waiting time is also O(g log g).

Let P be a shortest path connecting any node w with the source node s (in the UDG).

Since a move along each edge of P takes time O(g log g), and since P consists of at most D

edges, it follows that w receives the source message in time O(Dg log g).

Information about expansion of the broadcasting tree and ultimately the lack of it can

be sent continuously towards the root of the tree using one extra time slot during each stage.

The root figures out that the expansion is terminated if it does not receive any expansion

messages during consecutive 36 stages. This information can be later distributed to all other

nodes in the network to acknowledge termination of the broadcasting process.

2.2 O(Dg)−time broadcasting algorithm

Observe that the main bottleneck in our broadcast algorithm is the computation of the top

(right, bottom and left) border of the active box, which requires time Ω(g log g) in the worst

case. Here we show how to reduce this time to O(g).

Recall that in the matrix Mη the (single) node in the top occupied cell of each column
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dominates every other node in the column (this is actually how we defined the top border

Btop). However, if the precision 1/c of Mc is not so fine, then in order to dominate the whole

column, we have to consider the top five cells in the column starting from the highest cell

occupied by network nodes. This is a consequence of Lemma 2.1. We call the collection of

the top five occupied cells (that is, the top most occupied cell and the four cells immediately

below it) in each column Cj the border area of Cj. Note that (depending on the matrix

precision) the border area of Cj may contain nodes that do not belong to Btop (determined

with respect to the matrix precision 1/η), while on the other hand, there may exist Btop

nodes in Cj that do not belong to the border area. We refer to the union of the border areas

in all columns of Mc as the border field of the matrix.

Another interesting consequence of Lemma 2.1 is that we sometimes do not need to

extract all the top border nodes since some top border nodes can be dominated by the

others. A subset of the top border nodes is called effective if it dominates all other nodes

in the top border and in consequence also all other nodes in the active box. Analogously,

a subset of the border field of Mc is called effective if its nodes dominate all other nodes in

the active box.

At the heart of our improved algorithm is a procedure that computes an effective subset

of the top border nodes in time O(g). The algorithm is based on computation of a sequence

of effective subsets of border fields in matrices Mc with exponentially increasing precision

1/c. This is done by Procedure Effective, which works as follows. Define α(i) = γ/2i. Let

W0 be the set that consists of the single cell of Mα(0). For i = 1, . . . , ξ, Procedure Effective

computes a subset Wi of the border field of Mα(i). We will prove soon that Wi is effective for

every 0 ≤ i ≤ ξ. The computation of Wi is performed based on the set Wi−1 in the following

manner. Let A be a border area in Wi−1, i.e., the region A consists of the top 5 occupied cells

in some column of the matrix Mα(i−1). As each cell of Mα(i−1) is split into 2×2 cells of Mα(i),

the region A is split into a 10 × 2 submatrix of Mα(i). Procedure Effective computes the

border areas A1 and A2 of this submatrix via 2(dlog(10)e+1) = 10 applications of Procedure

Echo and stores them in Wi, and this is done for every region A in Wi−1.

Lemma 2.3. The set Wi is an effective subset of the border field of the matrix Mα(i) for

every 0 ≤ i ≤ ξ.

Proof: For every 0 ≤ i ≤ ξ, we have to prove that Wi is a subset of the border field of

Mα(i) and that it is effective. We prove these two properties by induction on i. The assertion

holds trivially for i = 0 as the matrix Mα(0) admits a single cell contained in W0. Every

region A in Wi−1 is replaced in Wi by the border areas A1 and A2 of the 10 × 2 submatrix

of Mα(i). By the inductive hypothesis, A is a border area in Mα(i−1), hence A1 and A2 are
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border areas in Mα(i). To see that Wi is effective, note that by the inductive hypothesis, the

nodes in Wi−1 dominate the whole active box. By Lemma 2.1, the nodes in Wi dominate

the nodes in Wi−1, therefore, since dominance is a transitive relation, the nodes in Wi also

dominate the whole active box and Wi is indeed an effective subset of the border field.

Recall that 2ξ = O(g), and that the last matrix Mα(ξ) is exactly Mη. It is left to bound

the running time of Procedure Effective. For every 1 ≤ i ≤ ξ, the computation of Wi

requires (at most) a constant number of rounds for each column in Mα(i−1). As Mα(i) has 2i

columns, the running time of Procedure Effective is

ξ−1∑
i=0

O
(
2i

)
= O(g) .

Theorem 2.4. There exists a deterministic algorithm that broadcasts a source message in

radio networks of granularity g and diameter D in time O(Dg).

3 Broadcasting in the spontaneous wake up model

In this section we address the problem of broadcasting in UDG radio networks assuming that

stations may transmit even before they received the source message for the first time. We

present two broadcasting algorithms: one working in time O(D + g2) and the other in time

O(D log g). While these algorithms are based on completely different ideas and, depending

on parameter values, one or the other of them may be more efficient, we show that as a pair

of algorithms working together (implemented as an algorithm interleaving their steps), they

enable broadcasting in time O (min {D + g2, D log g}).

3.1 An O(D + g2) algorithm

We first define a hierarchy of three increasingly coarser partitions of the plane. These

partitions use squares of different sizes, named tiles (of size d/
√

2), blocks (of size 1/
√

2)

and 5-blocks (of size 5/
√

2), respectively. All squares are aligned with the coordinate axes

and each square includes its left side with both endpoints and its bottom side without the

right endpoint and does not include its right and top sides. In each partition, one square

has a corner at the point (0, 0), and all other squares of the partition are horizontal and

vertical shifts of it. Hence every 5-block consists of 25 blocks and every block consists of g2

tiles. Enumerate all tiles in each block by integers 1,...,g2, row by row from left to right, and

all blocks in each 5-block by integers 1,..., 25, also row by row from left to right. All nodes

12



know these partitions, and since every node knows its own coordinates, it also knows its

hierarchical address 〈i, j, k〉, where k is the 5-block where it resides, 1 ≤ j ≤ 25 is the block

it belongs to in this 5-block, and 1 ≤ i ≤ g2 is the tile it belongs to in this block. Without

loss of generality, the source resides in the first tile of the first block in its 5-block, i.e.,

its hierarchical address is 〈1, 1, k〉 for some k. Notice that by the granularity assumption,

at most one node resides in each tile, and the diameter of each block is 1, i.e., all nodes

in a block are in each other’s range. Also, if nodes u and v are each in the jth block of

different 5-blocks, then the distance between them is more than 2 and hence they do not

create collisions while transmitting simultaneously.

Algorithm Elect&Transmit

The algorithm consists of two parts: preprocessing and source message transmission.

Preprocessing: The preprocessing part consists of two phases, each lasting 25g2 rounds.

The rounds in a phase are enumerated by integer pairs (i, j), where 1 ≤ i ≤ g2, 1 ≤ j ≤ 25,

ordered lexicographically. In round (i, j) of the first phase, all nodes of address 〈i, j, k〉 for

some k transmit their coordinates. In round (i, j) of the second phase, all nodes of address

〈i, j, k〉 for some k transmit all the information received in the first phase. Due to the

properties of the square partitions, no collisions occur in those phases. Upon completion of

the second phase, for any two blocks B1 and B2, all nodes in B1 and B2 know all pairs of

nodes u, v such that u ∈ B1, v ∈ B2 and u and v are adjacent in the UDG (i.e., they are

in each other’s range). Preprocessing terminates by electing one such adjacent pair for any

pair of blocks in which adjacent pairs exist (e.g., the lexicographically first pair).

Source message transmission: The source message transmission part is similar to that

in Algorithm Elect-and-Broadcast in [13]. It is divided into identical phases repeated indef-

initely, each consisting of 600 two-round steps. The steps in each phase are enumerated by

integer pairs (j, ĵ), where 1 ≤ j 6= ĵ ≤ 25. Consider step (j, ĵ). If some node v (1) resides in

the jth block of a 5-block, (2) was elected during preprocessing, (3) has received the source

message, and (4) has not yet transmitted it, then v transmits the source message in the first

round of this step. If some node w (1) resides in the ĵth block of a 5-block, (2) was elected

during preprocessing, (3) has received the source message, and (4) has not yet transmitted

it, then w transmits the source message in the second round of this step. Notice that no

collisions occur in this part either. Indeed, at most one node from a given block transmits in

each round, and nodes from different 5-blocks with the same block number j are at distance

larger than 2.
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Theorem 3.1. Algorithm Elect&Transmit completes broadcasting in any spontaneous wake

up UDG radio network of diameter D and granularity g in time O(D + g2).

Proof: The preprocessing part is completed in time O(g2). It suffices to show that if a node

v gets the source message for the first time in round t and w is in the range of v, then w gets

the source message in round t + 3600 at the latest. This will prove that the source message

transmission part is completed in time O(D), and all nodes of the network get the source

message.

To prove the above claim, consider such nodes v and w. Suppose that v resides in block

B2 and it got the source message for the first time from a node u in block B1 in round t,

which is in phase p. If B1 = B2, then all nodes in B2 know the source message by the end

of phase p. Otherwise, all nodes of B2 know the source message by the end of phase p + 1.

Suppose that w is in block B3. If B2 = B3 then w too knows the source message by the

end of phase p+1. Otherwise, by phase p+2, the node in B2 which was elected to transmit

to B3 will do it, and consequently, all nodes in B3 know the source message by the end of

phase p + 2. Since each phase lasts 1200 rounds, the claim follows.

3.2 An O(D log g) algorithm

For every block B, fix a binary partition of the set of its tiles. First, partition the set of

tiles in B into two halves (or almost halves, if g is odd), then partition each of these halves

into halves again, and so on, down to individual tiles. For each member of the partition

(except individual tiles), we define the first and the second half, arbitrarily. Every node in

B knows in which members it resides on each level of the partition. The main subroutine

of the algorithm is the following procedure, based on some ideas of Procedure Elect Couple

from [13].

Procedure Conquer

The input of the procedure consists of two blocks B1 and B2 and a node v ∈ B1. Block

B1 is called conquered. If the two blocks do not have any pair of adjacent nodes b1 ∈ B1

and b2 ∈ B2, then the procedure has no output. Otherwise, the procedure outputs a pair of

adjacent nodes b1 ∈ B1 and b2 ∈ B2. In this case, block B2 becomes conquered as well.

The procedure works in two phases.

Phase 1.

Let x = d2 log ge. Phase 1 takes 2x + 2 rounds divided into x + 1 two-round steps. With
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each step we associate some set A of nodes, referred to as the index of the step. The nodes

in A transmit a bit in the first round of the step, and the nodes in A∪ {v} transmit a bit in

the second round of the step (cf. Procedure Echo from [22]).

The index of the first step is the set of all nodes in B2. Let C be the set of nodes in B1

that either heard a message in the first round or heard nothing in both rounds. Nodes in

C are exactly those nodes in B1 that are at distance at most 1 from at least one node in

B2. Suppose that C is nonempty. After the first step, every node in B1 knows whether or

not it is in C. The remaining x steps of Phase 1 are devoted to electing a single node in C.

This is done using the binary partition of block B1. The index of the second step is the set

of nodes in C that are in the first half of block B1. If a node in block B1 heard a message

in the first round of step 2 or heard nothing in both rounds of this step, then it knows that

there are some nodes in C that are in the first half of block B1. In this case, we say that

the first half of the block is promoted. Otherwise, C contains no nodes from the first half

of block B1 ,and consequently there must be such nodes in the second half of block B1. In

this case, we say that the second half of the block is promoted. The index of the third step

consists of nodes in C that are in the promoted half, and so on. After x + 1 steps, a single

tile containing a node is promoted, and the single node in it is elected. Call this node b1.

Phase 2.

The aim of Phase 2 is to elect in B2 a single node at distance at most 1 from b1. Phase

2 takes 2x + 1 rounds. In the first round, node b1 transmits a bit. Let D be the (nonempty)

set of nodes in B2 that heard this message. The remaining 2x rounds are divided into x

two-round steps, similar to the last x steps of Phase 1, with the exception that set C is

replaced by set D, node v by node b1, and the binary partition of block b1 by the (fixed)

binary partition of block B2. The rest is identical. Phase 2 results in electing a node b2 ∈ B2

at distance at most 1 from b1.

We now present the main algorithm using Procedure Conquer.

Algorithm Log Wave

In the first round, the source transmits the source message and the block containing

the source is conquered. The rest of the algorithm is divided into identical phases repeated

indefinitely, each consisting of 600 subphases, organized similarly as the Source message

transmission part of Algorithm Elect&Transmit. The subphases in each phase are enu-

merated by integer pairs (j, ĵ), where 1 ≤ j 6= ĵ ≤ 25. Consider subphase (j, ĵ). This

subphase involves pairs of blocks B1 and B2, where B1 is a jth block in some 5-block, that

was first conquered in the preceding phase, and B2 is a ĵth block in some 5-block. The node
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b1 ∈ B1 needed as input to Procedure Conquer is the one that was elected when block B1

was first conquered. Subphase (j, ĵ) consists of the parallel execution of Procedure Conquer

on all such inputs. Notice that for every jth block B1 in some 5-block there is at most one

ĵth block B2 in some 5-block such that B2 can be conquered from B1. As in Algorithm

Elect&Transmit, there are no collisions between transmissions from different blocks during

a subphase, i.e., no collisions between parallel executions of Procedure Conquer. As soon as

a new block B2 is first conquered, the newly elected node in this block transmits the source

message. This is the last round of the subphase.

Theorem 3.2. Algorithm Log Wave completes broadcasting in any spontaneous wake up

UDG radio network of diameter D and granularity g in time O(D log g).

Proof: Procedure Conquer is executed in time O(log g). Hence one phase of Algorithm

Log Wave takes time O(log g) as well. After t phases, any node at (hop) distance t from the

source gets the source message. Consequently, after time O(D log g), all nodes get the source

message.

Finally, consider the algorithm that results from interleaving the steps of the two al-

gorithms described in this section: in even rounds it executes the steps of the O(D + g2)

algorithm and in odd rounds - the steps of the O(D log g) algorithm. Call the resulting

algorithm Fast Broadcast. We have the following theorem.

Theorem 3.3. Algorithm Fast Broadcast completes broadcasting in any spontaneous wake

up UDG network of diameter D and granularity g in time O (min {D + g2, D log g}).
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